We consider domination analysis of approximation algorithms for the bipartite boolean quadratic programming problem (BBQP) with m + n variables. A closed form formula is developed to compute the average objective function value A of all solutions in O(mn) time. However, computing the median objective function value of the solutions is shown to be NPhard. Also, we show that any solution with objective function value no worse than A dominates at least 2 m+n−2 solutions and this bound is the best possible. Further, we show that such a solution can be identified in O(mn) time and hence the dominance ratio of this algorithm is at least 1 4 . We then show that for any fixed rational number α > 1, no polynomial time approximation algorithm exists for BBQP with dominance ratio larger than 1 − 2
Introduction
The bipartite boolean quadratic programming problem (BBQP) is to Maximize f (x, y) = x T Qy + cx + dy subject to x ∈ {0, 1} m , y ∈ {0, 1} n where Q = (q ij ) is an m × n matrix, c = (c 1 , c 2 , . . . , c m ) is a row vector in R m , and d = (d 1 , d 2 , . . . , d n ) is a row vector in R n . Without loss of generality, we assume that m ≤ n.
BBQP has applications in data mining, clustering and bioinformatics [35] , approximating a matrix by a rank-one binary matrix [10, 32] , mining discrete patterns in binary data [21, 32] , solving fundamental graph theoretic optimization problems such as maximum weight biclique [4, 34] , maximum weight cut problem on a bipartite graph [26] , maximum weight induced subgraph of a bipartite graph [26] , and computing approximations to the cut-norm of a matrix [3] .
BBQP is closely related to the well-studied boolean quadratic programming problem (BQP) [7, 12, 39] :
where Q ′ is an n × n matrix and c ′ is a row vector in R n . BBQP can be formulated as a BQP with n + m variables [26] and hence the resulting cost matrix will have dimension (n + m)× (n + m). This increase in problem size is not desirable especially for large scale problems. On the other hand, we can formulate BQP as a BBQP by choosing
where I is an n × n identity matrix, e ∈ R n is an all one row vector and M is a very large number [26] . Thus, BBQP is a proper generalization of BQP which makes the study of BBQP further interesting. An instance of BBQP is completely defined by the matrix Q and vectors c and d and hence it is represented by P(Q, c, d). Thus, P(Q, 0, 0) represents a BBQP with no terms cx or dy in the objective function. Such an instance is referred to as a homogeneous BBQP. Relationships between BBQP and its homogeneous version are considered in [26] . BBQP is trivial if the entries of Q,c and d are either all positive or all negative. BBQP is known to be NP-hard [25] since the maximum weight biclique problem (MWBP) is a special case of it. Approximation hardness results for MWBP are established by Ambuhl et al. [4] and Tan [34] . Performance ratio for approximation algorithms for some special cases of BBQP are discussed by Alon and Naor [3] and Raghavendra and Steurer [27] . Results extensive experimental analysis of algorithms for BBQP are reported by Karapetyan and Punnen [19] and Glover et al. [13] . Punnen, Sripratak, and Karapetyan [26] studied BBQP and identified various polynomially solvable special cases. Various classes of valid inequalities and facet defining inequalities for the polytope associated with BBQP are obtained by Sripratak and Punnen [33] .
Worst case analysis of approximation algorithms (heuristics) are carried out normally through the measure of performance ratio [37] . Other important measures include differential ratio [8] , dominance ratio [11, 17] , dominance number [40, 11] , comparison to average value of solutions [5, 36, 31, 30, 28] etc. Our focus in this paper is on domination analysis and average value based analysis of approximation algorithms for BBQP. Berend et al. [7] eloquently argues the importance of domination analysis in the study of approximation algorithms.
Let F be the family of all solutions of BBQP and it is easy to see that |F | = 2 m+n . The average objective function value A (Q, c, d) of all the solutions of BBQP is given by A (Q, c, d) = 2 −(m+n) (x,y)∈F f (x, y). The idea of comparing a heuristic solution to the average objective function value of all the solutions as a measure of heuristic quality for combinatorial optimization problems was originated in the Russian literature in the early 1970s. Most of these studies are focussed on the traveling salesman problem and the assignment problem (e.g. Rublineckii [28] , Minina and Perekrest [22] , Vizing [38] , Sarvanov and Doroshko [29, 30] ). In the western literature, Gutin and Yeo [16] , Grover [14] , Punnen et al. [25] , Punnen and Kabadi [24] , Deneko and Woeginger [9] studied the traveling salesman problem and identified heuristics that guarantee a solution with objective function value no worse than the average value of all tours. Such a solution has interesting domination properties and hence the approach is also relevant in dominance analysis of heuristics. For recent developments on domination analysis, we refer to the excellent research papers [2, 7, 11, 15] . Gutin and Yeo [16] , Sarvanov [31] , and Angel et al. [5] studied heuristics for the quadratic assignment problem with performance guarantee in terms of average value of solutions. Similar analysis for the three-dimensional assignment problem was considered by Sarvanov [31] , for the Maximum clique problem by Bendall and Margot [6] , and for the satisfiability problem by Twitto [36] . Berend et al. [7] considered dominance analysis by including infeasible solutions. Other problems studied from the point of view of dominance analysis and average value based analysis include graph bipartition, variations of maximum clique and independent set problems [5, 14] and the subset-sum problem [7] . For information on dominance results and linkages with the development of heuristic algorithms based on very large scale neighborhood search, we refer to [1] .
A solution with objective function value no worse than the average value of a solution with high probability can be obtained by repeated random sampling. However, it should be pointed out that even algorithms that performs well in practice could produce solutions with objective function value inferior to the average value of a solution. We observed this particularly in the case of the BBQP. Thus, a worst case performance of a heuristic that guarantees a solution with objective function value no worse than the average value of a solution is a useful measure to be included when studying worst case behavior of heuristic algorithms for combinatorial optimization problems.
Let (x, y),
f (x, y) ≤ f (x Γ , y Γ )}. Let I be the collection of all instances of BBQP. Then the dominance number and dominance ratio of Γ are defined respectively as
The concept of dominance ratio in the analysis of heuristics was proposed by Glover and Punnen [11] . Prior to this work, Zemel [40] considered different measures to analyze heuristic algorithms one of which is equivalent to the dominance number. Hassin and Kuller [17] also considered similar measures in analyzing heuristic algorithms. In this paper we obtain a closed form formula to compute A (Q, c, d) in O(mn) time. We also show that any solution to BBQP with objective function value no less than A (Q, c, d) dominates 2 m+n−2 solutions. Such a solution is called no worse than average solution. Two algorithms of complexity O(mn) are developed to compute no-worse than average solutions. Thus, the dominance ratio of these algorithms is at least . One of these algorithms have interesting rounding property which provides data dependent lower bounds. The problem of computing a solution with objective function value no worse than the median of the objective function values of all solutions is shown to be NP-hard. Further, we show that, unless P=NP, for any fixed rational number α > 1, no polynomial time approximation algorithm exists for BBQP with dominance ratio larger than 1−2
. We also analyze some very powerful local search algorithms and show that, in worst case, such algorithms could get trapped at a locally optimal solution with objective function value less than A (Q, c, d). Finally we provide a new integer programming formulation of BBQP and the resulting LP relaxation solution could be used to initiate our rounding algorithms. Computational results are also provided using the rounding algorithms which establish that the algorithms are good candidates to obtain very fast starting solutions in complex metaheuristic algorithms.
Through out this paper, we use the following notations and naming conventions. We denote M = {1, 2, . . . , m} and N = {1, 2, . . . , n}. The ith component of a vector is represented simply by adding the subscript i to the name of the vector. For example, the ith component of the vector x * is x * i . The set {0, 1} n is denoted by B n and [0, 1] n is denoted by U n for any positive integer n. For any positive integer m, an m-vector of all 1's is denoted by 1 m and an m-vector of all 0's is denoted by 0 m .
Average value of solutions and dominance properties
Note that there are 2 m candidate solutions for x and 2 n candidate solutions for y. Then the solutions in the family F can be enumerated as
The next theorem gives a closed form expression to compute
Proof. Let η = 2 m and ν = 2 n . Then
If either x = 0 or y = 0, then x T Qy = 0 and such an (x, y) is called a trivial solution. Note that f (x, y) need not be equal to zero for trivial solutions. All remaining solutions are called nontrivial solutions. Maximizing f (x, y) over trivial solutions is straightforward and thus one can restrict attention to non-trivial solutions only. The number of nontrivial solutions is (2 m − 1)(2 n − 1). Let A(Q, c, d) denote the average value of all nontrivial solutions for P(Q, c, d).
From Corollary 2, the asymptotic behavior ofĀ(Q, c, d) and A (Q, c, d) are the same. Thus, hereafter we focus our attention on
Thus, G consists of all solutions of BBQP that are no worse than average.
Thus, we can partition the solution space F into
From equation (2), it follows immediately that
Thus, from each P (x k , y k ), k = 1, 2, . . . ω, choose a solution with smallest objective function value to form the set
The lower bound on G established in Theorem 3 is tight. To see this, consider the matrix Q defined by 
Likewise, let c * and d * be vectors in R abm and R abn such that
It is easy to verify that from any optimal solution to the BBQP instance P(Q * , c * , d * ) an optimal solution to P(Q, c, d) can be recovered. The total number of solutions of P(Q * , c * , d * ) is 2 ab(m+n) of which at least 2 ab(m+n)−(m+n) are optimal. So the maximum number of non-optimal solutions is 2 ab(m+n) − 2 ab(m+n)−(m+n) . Solve the BBQP instance P(Q * , c * , d * ) using Ω and let (x * , y * ) be the resulting solution. By hypothesis, the objective function value of (x * , y * ) is not worse than that of at least 2 ab(m+n) − 2
. Thus, (x * , y * ) must be optimal for P(Q * , c * , d * ). From (x * , y * ), an optimal solution to P(Q, c, d) can be recovered by simply taking the first m components of x * and first n components of y * . The result now follows from NP-completeness of BBQP.
Theorem 4 implies that unless P=NP, no polynomial time approximation algorithm for BBQP can have dominance ratio more than 1 − 2
(1−α) α (m+n) for any fixed rational number α > 1. Although we have a closed form formula for computing the average value of all solutions to BBQP, we now show that computing the median value of all solutions is NP-hard.
Since |F | is even, there are two values of median, say θ 1 and θ 2 , where θ 1 ≤ θ 2 . A median finding algorithm could simply produce θ 1 or θ 2 , but we may not know precisely, the output is either θ 1 or θ 2 .
Theorem 5. Computing a median of the objective function values of BBQP is NP-hard.
Proof. Suppose we have a polynomial time algorithm to compute a median of the objective function values of BBQP. We will show that this algorithm can be used to solve the PARTITION problem, which is defined as follows: Given n positive integers a 1 , a 2 , . . . , a n , determine if there exists a partition S 1 and S 2 of N = {1, 2, . . . , n} such that j∈S 1 a j = j∈S 2 a j . From an instance of PARTITION, construct an instance of BBQP as follows: Choose c as the zero vector, d j = a j for j = 1, 2, . . . , n. Choose M = {1, 2}. Define q 1j = a j ǫ and q 2j = −a j ǫ, where ǫ is a very small positive number. For each subset H of N , let y H be its characteristic vector, i.e. y H ∈ B n and y H j = 1 if and only if j ∈ H. For each choice of H, we can associate four choices for x as x = (0, 0), x = (1, 0), x = (0, 1) or x = (1, 1). Thus, for each H, we get the following solutions 0) , y H ). There are 2 n choices for H and hence there are 2 n+2 different solutions for the BBQP constructed. For each subset H of N , let g(H) = j∈H a j and G = {g(H) : H ⊆ N }. We first observe that G has two medians and these median values are the same and equal to 1 2 j∈N a j if and only if N has the required partition. This follows from the fact that for any
Thus, the required partition exists if and only if median of {σ 1 , σ 2 , . . . , σ κ } = 1 2 j∈N a j . Consider an ascending arrangement of f (x, y) for all solutions (x, y) of the BBQP constructed. This can be grouped as blocks of values B 1 < B 2 < · · · < B κ where the block B k has the structure It may be noted that the above theorem does not rule out the possibility of a polynomial time algorithm with dominance number 2 m+n−1 .
Average value of solutions and local search
In this section we consider two natural local search heuristics for BBQP and show that the solution produced could have objective function value worse than A (Q, c, d). One of the popular heuristics for BBQP is the alternating algorithm proposed by many authors [21, 10, 19] . The algorithm starts with a candidate solution x 0 and try to choose an optimal y 0 . Then fix y 0 and tries to find the best candidate for x, say x 1 yielding a solution (x 1 , y 0 ). These operations can be carried out using the formulas
0 otherwise, and
Now fix x = x 1 and try to choose the best y = y 1 and the process is continued until no improvement is possible by fixing either x variables or y variables. The algorithm terminates when a locally optimal solution is reached. From experimental analysis [19] , it is known that this algorithm produces reasonably good solutions on average. To the best of our knowledge, worst-case behavior of this algorithm has not been investigated. Despite this example, it is easy to see that a solution produced by the alternating algorithm dominates at least 2 m + 2 n − 1 solutions.
Let us now consider a more general neighborhood, which is a variation of the k-exchange neighborhood studied for various combinatorial optimization problems. For any (x 0 , y 0 ) ∈ F , let N hk be the set of [19] . It may be noted that a solution produced by the alternating algorithm is locally optimal with respect to the neighborhood N 0 = N m0 ∪ N 0n . Glover et al. [13] considered the neighborhoods N 1 , N 2 , and N 1,1 . They provided fast and efficient algorithms for exploring these neighborhoods supported by detailed computational analysis. They also considered tabu search algorithms using these neighborhoods in a hybrid form. Computational results with these algorithms provided very high quality solutions, improving several benchmark instances. Nonetheless, our next theorem shows that even such very powerful local search algorithms could provide solutions with objective function values that are inferior to A (Q, c, d) even if we allow α to be a function of n.
Theorem 7.
A locally optimal solution to BBQP with respect to the neighborhood N α = N mα ∪ N αn could be worse than average for any α ≤ Proof. Consider the matrix Q defined as
and choose c and d as zero vectors. Without loss of generality, we assume m = n. Otherwise, we can extend the matrix Q into an n × n matrix by adding n − m rows of zeros and extending the vector c into an n-vector by making the last n − m entries zeros. We also assume that n is a multiple of 5. Consider the solution (x 0 , y 0 ) where x 0 n = y 0 n = 1 and all other components are zero. Also, let α = n 5 and assume n ≥ 6. Let N r x (0) be the set of all x ∈ B n with x n = 0 obtained by flipping exactly r entries of x 0 and N r x (1) be the set of all x ∈ B n with x n = 1 obtained by flipping exactly r entries of x 0 . Define N r y (0) and N r y (0) analogously. Note that for any (x, y) ∈ N αn , x ∈ N r x (0) ∪ N r x (1) and y ∈ N s y (0) ∪ N s y (1) for some 0 ≤ r ≤ α, 0 ≤ s ≤ n and for any (x, y) ∈ N nα , x ∈ N r x (0) ∪ N r x (1) and y ∈ N s y (0) ∪ N s y (1) for some 0 ≤ r ≤ n, 0 ≤ s ≤ α. Thus, for (x, y) ∈ N α we have
where I 
rsa−r−s≤ 0 for all (r, s) ∈ I α n ∪ I n α .
It is not very difficult to verify that conditions (5), (6), (7), and (8), are satisfied if
(α − 1)(na − 1) ≤ λ, and (11)
Choose a = 6 n . Then inequality (12) holds and inequality (9) implies inequalities (10) and (11). Choose λ = (α − 1)(n − 1) 6 n . Then (x 0 , y 0 ) is locally optimal. Now,
This completes the proof.
As an immediate corollary, we have the following result.
Corollary 8. For any fixed h and k, the objective function value of a locally optimal solution with respect to the neighborhood N hk could be worse than A (Q, c, d) for sufficiently large m and n.
Proof. Choose α = max{h, k}. Then a locally optimal solution with respect to N α is not worse than a locally optimal with respect to N hk . The result now follows from Theorem 7.
These examples motivates us to develop polynomial time algorithms for BBQP that guarantee a solution with objective function value no worse than A (Q, c, d).
Algorithms with no worse than average guarantee
We first consider a very simple algorithm to compute a solution with objective function value guaranteed to be no worse than A (Q, c, d ). The algorithm simply takes fractional vectors x ∈ U n and y ∈ U n and applies a rounding scheme to produce a solution for BBQP. Let x ∈ U m and y ∈ U n . Extending the definition of f (x, y) for 0-1 vectors, define
Consider the solutions y * ∈ B n and x * ∈ B m given by
Note that x * is the optimal 0-1 vector when y is fixed at y * , and equation (13) rounds the y to y * using a prescribed rounding criterion. The process of constructing (x * , y * ) from (x, y) thus called a round-y optimize-x algorithm or RyOx-algorithm. The next theorem establishes a lower bound on the objective function value of the solution produced by the RyOx-algorithm.
Note that (x * , y * ) can be constructed in O(mn) time whenever x and y are rational numbers. We can also round x first to obtain x 0 ∈ B m and choose optimal y = y 0 by fixing x at x 0 . This is done using the rounding scheme given by the following equations:
0 otherwise,
The proof of Theorem 10 follows along the same line as Theorem 9 and hence omitted. The process of constructing (x 0 , y 0 ) is called round-x optimize-y algorithm or RxOy-algorithm. The complexity of the RxOy-algorithm is also O(mn).
Proof. Let x i = 1/2 for all i ∈ M and y j = 1/2 for all j ∈ N . Then it can be verified that f (x, y) = A (Q, c, d), but (x, y) is not feasible for BBQP. Now, choose (x,ȳ) as the output of either the RyOx-algorithm or the RxOy-algorithm. The result now follows from Theorems 9 or 10.
In view of Corollary 11 and Theorem 9, the dominance ratio of the RyOx-algorithm and the RxOy-algorithm is at least . By choosing an appropriate starting solution, we can establish improved dominance ratio for these algorithms.
We now discuss an unexpected upper bound on A (Q, c, d). As a consequence, we have yet another simple scheme to compute a solution that is not worse than average. Let α = i∈M j∈N q ij , β = i∈M c i and γ = j∈N d j .
Proof. Let u and v be real numbers in [0, 1] . Choose x ∈ B m , y ∈ B n be such that x i = u for all i ∈ M and y j = v for all j ∈ N . Then f (x, y) = αuv + βu + γv = η(u, v), say. Note that , d ). Since η(u, v) is bilinear, its maximum is attained at an extreme point of the square U 2 . Since these extreme points are precisely (0, 0), (1, 0), (0, 1), (1, 1), the result follows.
Corollary 13. One of the solutions (1 m , 1 n ), (1 m , 0 n ), (0 m , 1 n ), (0 m , 0 n ) of BBQP have an objective function value no worse than A (Q, c, d ).
The proof of this corollary follows directly from Theorem 12. We can compute α, β and γ in O(mn) time and hence we have a solution no worse than average in O(mn) time. Interestingly, if α, β and γ are given, then we can identify a solution to BBQP with objective function value no worse than A (Q, c, d) in O(1) time. The solution produced by Corollary 13 is trivial and may not be of much practical value. Nevertheless, the simple upper bound on A (Q, c, d) established by Theorem 12 is very interesting and have interesting consequences as discussed below.
Recall that the alternating algorithm starts with a solution (x 0 , y 0 ), fix x 0 and find the best y, say y 1 . Then fix y at y 1 and compute the optimal x and so on. Since we initiate the algorithm by fixing x first, we call this the x-first alternating algorithm. We can also start the algorithm by fixing y 0 first and the resulting variation is called the y-first alternating algorithm. Theorem 14. The best solution amongst the solutions produced by the x-first alternating algorithm with starting solutions (1 m , 1 n ) and (0 m , 0 n ) dominates 2 m+n−2 + 3 2 n−1 solutions.
Proof. Let (x * , y * ) be the best solution obtained. When the starting solution is ( , d ) and hence by Theorem 3, (x * , y * ) dominates at least 2 m+n−2 solutions. To account for the remaining solutions that are dominated by (x * , y * ) we proceed as follows.
Construct the set D 1 as in the proof of Theorem 3. Recall that |D 1 | = 2 m+n−2 . Let D 2 = {(1 m , y), (0 m , y) : y ∈ B n }. Now, |D 2 | = 2 n+1 . For any y ∈ B n , we have P (0 m , y) = P (1 m , y) and P (0 m , y) = {(0 m , y), (1 m , y), (0 m , 1 n −y), (1 m , 1 n −y) }. Thus, D 2 can be partitioned into sets of the form P (0 m , y k ) and there are 1 4 2 n+1 = 2 n−1 such sets. Exactly one element from each P (0 m , y k ) is in D 1 . Thus, |D 1 ∩D 2 | = 2 n−1 and hence |D 1 ∪D 2 | = 2 m+n−2 +2 n+1 −2 n−1 = 2 n−1 2 m−1 + 3 .
From Theorem 14 the dominance ratio of the x-first alternating algorithm is at least when starting solutions are selected carefully and the algorithm is applied twice. Note that to achieve this dominance ratio, we simply need to perform only one iteration each, when the algorithm starts with (1 m , 1 n ) and (0 m , 0 n ). Thus, we can achieve this dominance ratio in polynomial time. A similar result can be derived for y-first alternating algorithm and local search algorithm with neighborhood N α for any α ≥ 0. Further, similar dominance ratio can be achieved by RxOyalgorithm or RyOx-algorithm applied twice, once starting with (1 m , 1 n ) and then starting with (0 m , 0 n ) and choosing the best solution.
The problem BBQP can be formulated as integer linear programming problem [26] as follows:
where S = {ij : q ij < 0}. Let (z ′ , x ′ , y ′ ) be an optimal solution to the LP relaxation, where z ′ is an m × n matrix with (i, j)th entry z ′ ij , and x ′ is an m-vector with ith entry x ′ i and y ′ is an n-vector with jth entry y ′ j . Recall that for
is the optimal objective function value of the linear programming relaxation of ILP1.
For any x ∈ [0, 1] m and y ∈ [0, 1] n , the solution (x 1 , y 1 ) obtained by the RxOy (RyOx) algorithm satisfies φ(x, y) ≤ f (x 1 , y 1 ) ≤ h(z ′ , x ′ , y ′ ). This follows from Theorem 9 and the property of LP relaxations. Alternative integer programming formulations of BBQP could provide different LP relaxation solutions and hence the resulting RxOy (RyOx) rounding solutions could be different. We give below a new integer programming formulation of BBQP by increasing the number of variables.
ILP2: Maximize
Experimental analysis of RxOy (RyOx) algorithms starting from the LP relaxations of ILP1 and ILP2 are discussed in the next section.
Computational results
Although the primary focus of the paper is on theoretical analysis of approximation algorithms, we have conducted preliminary experimental analysis with the RxOy and RyOx rounding algorithms to examine features that are not clear from theoretical analysis. The alternating algorithm and local search algorithms are thoroughly analyzed from an experimental analysis point of view in [19] and [?] and hence are not considered in our experimental study. The rounding algorithms being simple constructive heuristics, they are not expected to outperform more sophisticated algorithms that employ powerful neighborhoods within a metaheuristic framework. Nonetheless, it is interesting to explore the behavior of these algorithms in the light its theoretical properties and the potential for computing initial solutions for more advanced solution improvement algorithms.
The data set used in our experiments are smallsize instances of random problems, biclique instances, matrix factorization instances, and maxcut instances from [19] . The algorithms are implemented in C# and tested on a DELL PC with Windows 7 operating system, Intel i7 processor and 16GB of memory. All CPU times reported are in milliseconds and do not include input-output times. We used the solution obtained by the linear programming relaxation of ILP1 as the fractional vector (x, y) to initiate the rounding process.
Our first set of experiments were aimed to identify the percentage of problems where LP relaxation produced optimal solutions. This data is important since for such problems, rounding (heuristic algorithms) is irrelevant. The results of these experiments are summarized in Figure 1 . The trend shows that as the problem size increases, the number of problems where the LP relaxation produced optimal solution decreases. This decrease is more rapid in some class of problems compared to random instances.
Let us now discuss the experimental results with the RxOy and RyOx algorithms. The details are summarized in Tables 1 to 5 . In each table, the column "best" reports the best known objective function value of the problem. Most of these values are optimal. The column "LP obj" contains the upper bound obtained by the LP relaxation. The columns "xy" and "yx" respectively contains the objective function value of the solution produced by the RxOy algorithm and the RyOx algorithms. It may be noted that the solution produced by these algorithms are close to the best known solution values and the running time is very minimal. This makes these algorithms good candidates to be We have also conducted experiments with RxOy and RyOx rounding algorithms using the LP relaxation solution of ILP2. For random instances, the LP relaxation solution of ILP1 and ILP2 were different but for all other test instances, they produced same solutions most of the time. In some random instances considered, the rounding algorithms produced better solutions when started ILP2 LP relaxation solution in comparison to the solutions produced from ILP1 LP relaxation. However, in general we did not see significant performance difference and hence preferred ILP1 formulation, considering its smaller size.
Note that the RxOy and RyOx rounding algorithms can be initiated using any x 0 ∈ U m and y 0 ∈ U n and not necessarily a fractional solution for an LP relaxation. For i = 1, 2, . . . , m let γ i = c i + j∈N q ij and for j = 1, 2, . . . , n let δ j = d j + i∈M q ij . Also, ran The RxOy and RyOx algorithms using the above choices of starting solution (x 0 , y 0 ) can also be used to construct starting solutions for advanced algorithms. The built-in randomness generates good solutions that can be embedded in metaheristics with multiple starts. Systematic experimental analysis of such sophisticated algorithms is beyond the scope of this paper.
Conclusion
In this paper we studied approximation algorithms for BBQP which is a generalization of the well known BQP. Various approximation algorithms are analyzed using averaged value based measures and domination analysis. It is demonstrated that very powerful local search algorithms could get trapped at poor quality local minimum even if we allow exponential time in searching a very large scale neighborhood. Some of the proof techniques used are simple yet elegant and could be of use in domination analysis of heuristics for other related problems. Experimental results with two construction algorithms are also given. A natural question for further investigation is to close the gap between non-approximability bounds and lower bounds on domination ratio. Since BBQP is not as well studied as BQP, there are many other avenues for further investigation and we are currently investigating further properties of BBQP.
